ABSTRACT This paper is concerned with the fixed-time observer (FTO) design for linear time-invariant singular systems. The advantage of the classical FTO technique is that it can reach accurate estimations of the states in an arbitrarily pre-defined time. However, the classical FTO method is only applied to non-singular systems. In order to overcome this restriction, new observer structures with respect to full-order and reducedorder FTOs respectively, are proposed. And, under the sufficient conditions we give, both the full-order and the reduced-order FTOs can indeed achieve accurate estimations in the fixed time we pre-set for the singular systems under consideration. Another advantage of the FTO is that both the estimation accuracy and the convergence time can be guaranteed regardless of whatever the initial values of the observer are. Finally, a numerical simulation validates the effectiveness of the proposed result.
I. INTRODUCTION
As is known, the feedback control scheme plays important roles in both theory and applications in modern control community. However, in many situations, the state of the system under control is not available, which makes it impossible for the implementation of the feedback control. In order to deal with this contradiction, the idea of state estimation or observer design was proposed [1] , and up till now, many observer design techniques have been developed such as unknown input observer technique [2] - [7] , sliding mode observer technique [8] - [10] , interval observer technique [11] , [12] , and so on.
The singular system, also called descriptor system, differential-algebraic system or generalized state-space system, is a kind of special dynamic system [13] , [14] . Since the singular system consists of both dynamic equation and algebraic equation, it has superiority of describing systems with algebraic constraints such as circuit systems, mechanical systems and so on [15] , [16] . In the past decades, a great amount of achievements regarding the singular system observer designs have been made in the literature [17] - [23] .
To name a few, in Yip et al. [17] extended the classical concept of controllability, observability of general linear systems
The associate editor coordinating the review of this article and approving it for publication was Gaolin Wang. to singular systems. Hou et al. presented a new observer design method for singular systems, and meanwhile the sufficient and necessary conditions were discussed [19] . Based on the same conditions as in [19] , reduced-order UIOs were studied in [20] and [21] , respectively, and the method in [20] can also be applied to rectangular singular systems.
It should be pointed out that almost all the singular system observer designs mentioned above are referred to asymptotic convergence observer (ACO), i.e., the convergence of the state estimation error to zero is always asymptotic with time. For such type of observers, the convergence time and the convergence accuracy are usually not easy to be controlled, because they not only depend on the initial value errors between the original system and the observer system but also depend on the chosen of the observer gain matrices. General speaking, the initial condition of the original system is usually inaccessible. Therefore, we may not able to reduce the initial value errors. A possible approach is to place the observer poles at far left of the complex plane to make the observer error exponentially converge to zero fast. However, this approach requires larger observer gains. And hence, the saturation and increased bandwidth may lead observers to be more susceptible to sensor noises occurring at high frequencies [24] . Therefore, to find a feasible and easy implemented observer design method with fast estimation speed and exact estimation performance is desirable. [25] . The merits of the FTO are that it can reach an accurate estimation of original system states in an arbitrarily pre-defined time. By using this technique, Lee et al. considered the fault estimation problem [24] , and Li et al. studied the fault fast reconstruction problem by geometric theory [26] . It should be noted that all the results regarding FTOs mentioned above are focused on non-singular system. However, to the best of the authors's knowledge, few works have been reported on the fixed-time observer design for singular systems. This observation motivates our research.
In this paper, we are dedicated to the full-order and reduced-order fixed-time observer designs for a class of singular systems. The contributions are summarized as follows:
(1) Existence conditions are given, and they are proven to be sufficient for both the full-order and the reduced-order FTO desigs. (2) In order to overcome the restriction of the classical FTO technique on the singular systems, new observer structures with respect to full-order and reduced-order FTOs respectively, are proposed.
For the singular system under consideration, both the full-order and the reduced-order FTOs can achieve accurate estimations in the pre-defined time. The rest of the paper is organized as follows. In Section 2, background and some preliminaries are given. Section 3 presents the main results. In Section 4, a numerical simulation is given to verify the effectiveness of the proposed methods. Finally, we give the conclusion in Section 5.
II. PROBLEM FORMULATION AND PRELIMINARIES

A. PROBLEM FORMULATION
Consider the singular system in the form of as follows:
where x ∈ R n , u ∈ R m and y ∈ R p are state, control input, measurement output vectors, respectively. Matrices E, A ∈ R n×n , B ∈ R n×m and C ∈ R p×n are known constant matrices. Here, without loss of generality, we assume that matrices rank(E) < n and rank(C) = p. The main purpose of the present paper is to extend the classical fixed-time observer method introduced in [25] which is only adopted to non-singular systems to singular systems. Therefore, here we firstly present the classical FTO method in the following.
B. PRELIMINIARIES
In literature [25] , for the non-singular linear time-invariant system
withx(t),ȗ(t),y(t) being the state, control input and measurement output, Engel et al. first studied the fixed-time observer design. The basic idea of the FTO is to express the statȇ x(t) by using the combination of two sub-observers' states as well as a time delay. Specifically, under the assumption that (Ȃ,C) is observable, choose matricesH i (i = 1, 2) such thatF i =Ȃ −H iC is Hurwitz, and any eigenvalue ofF 1 is different from that ofF 2 . Denotȇ
In this way, provided that (I)F is Hurwitz (II) det T eFτT = 0 (τ is an arbitrarily pre-set) the system   ż (t) =Fz(t) +Hy(t) +Gȗ(t)
is a fixed-time observer which provides a finite-time estimationx(t), that is when t ≥ t 0 + τ ,x(t) ≡x(t).
In order to borrow the classical FTO method for the FTO design for the singular system (1), we give the following two assumptions firstly.
Assumption 1: For system (1), the following matrix rank condition holds:
Assumption 2: For system (1), for any complex number s, the following matrix rank condition holds:
III. MAIN RESULTS
A. FULL-ORDER OBSERVER DESIGN
Since the classical FTO method is only adopted to nonsingular systems, in order to borrow its idea for the FTO design for singular system (1), we have to transform system (1) into a non-singular system in advance. To this end, we give Lemma 1. Lemma 1: Based on Assumption 1, there exist a nonsingular matrix G ∈ R n×n and a matrix H ∈ R n×p such that
Proof: For matrix C, there exists a non-singular matrix T ∈ R n×n such that CT = I p 0 . Let
where E 1 ∈ R n×p and E 2 ∈ R n×(n−p) . Then, we have
which implies that rank(E 2 ) = n − p, i.e., E 2 has full column rank. Thus, there exists a non-singular matrixḠ ∈ R n×n such thatḠ
By this way, if chooseH
which, by pre-multiplying matrix T and meanwhile postmultiplying matrix T −1 , becomes
Let G = TḠ and H = TH , then we have GE + HC = I n with G being a non-singular matrix. The proof is completed. According to (4), system (1) can be equivalently transformed into
Remark 1: System (7) has already been a standard nonsingular system in form. Thus, it can be seen from the preliminary part that for system (7) , in order to use the conclusions of the classical FTO method to design a fixed-time observer, the matrix pair (GA, C) should be observable.
Lemma 2: Assumption 2 holds, if and only if (GA, C) is observable, i.e., for any complex number s, we have
Proof: It follows from the Assumption 2 that for any complex number s
which means that (GA, C) is observable. The proof is completed. Remark 2: Since (GA, C) is observable, we can choose gain matrices L 1 and L 2 such that any eigenvalue of
For system (7), another difficulty of the FTO design we have to deal with is that the unmeasurable signalẏ(t) is involved. Therefore, the classical FTO structure (3) cannot be adopted for system (7) . In the following, we will overcome this problem by introducing the measurement signal y(t) and y(t − τ ) in the new FTO structure as follows:
holds. Then, system (8) or equivalently system
is a fixed-time observer of system (1), i.e.,x(t) ≡ x(t) for t ≥ t 0 + τ , where
T is the state of the observer, constant τ > 0 is an arbitrarily pre-defined time delay, t 0 is the initial time, and z(t), y(t) = 0 when −τ ≤ t < 0. Proof: According to Assumption 2, Lemma 2 and Remark 2 we can choose L 1 and L 2 such that (9) holds. Thus, according to the discussion in [25] , for any τ > 0 we have that S e N τ S is non-singular. Thus, matrix K in (8) or (10) exists.
Besides, according to (10) for any t ≥ t 0 + τ we have
Equation (11) implies that for any τ > 0, and
On the other hand, it is easy to verify that K S = I n and K e N τ S = 0. This together with equation (12) yields
Therefore, when t ≥ t 0 + τ , for the estimated statex given by FTO (10) we havex(t) ≡ x(t). The proof is completed. Remark 3: It can be seen from the proof of the Theorem 1 that once equations (11) and (12) hold, the state x(t) can be expressed by the sub-observers' states z 1 (t) and z 2 (t). Therefore, in order to deal with the unmeasurable signalẏ(t) and then design FTO for system (7), what we should do is to design a new observer structure making that equation (11) holds. This just is the basic idea of the proposed FTO design method of the singular systems.
Then, the full-order FTO design method is summarized as Algorithm 1. Algorithm 1. Step 1. Check if Assumptions 1-2 hold, if so, go to next step; Otherwise, stop without results.
Step 2. According to the proof of Lemma 1, compute matrices T , G and H . Step 3. According to (9) , choose gain matrices L 1 and L 2 .
Step 4. Compute matrices N , M , L and J , and construct full-order FTO (10).
B. REDUCED-ORDER OBSERVER DESIGN
By using matrices T andḠ in subsection 3.1, letx = T −1 x, then a new system regardingx is obtained as
ETẋ(t) = ATx(t) + Bu(t) y(t) = CTx(t) =
Pre-multiplying matrixḠ in the two sides of the state equation of (13) leads to
whereĒ =ḠET ,Ā =ḠAT andB =ḠB. Then, decompose vectorx and matricesĒ,Ā,B into block matrices as follows:
By this way, system (14) can be rewritten as
It can be seen from (17) thatx 1 is measurable. Thus, in order to estimate the entire x, we only need to estimatex 2 . Choose gain matricesL 1 andL 2 , and then the system (15) pre-multiplied by −L 1 and −L 2 adds to system (16) yields (18) and
Remark 4: Systems (18) and (19) are two auxiliary systems which will be taken as the reference systems for the FTO design to estimatex 2 . Although with different dynamics, the statex 2 in both the system (18) and (19) are as same as that in (15) and (16) . It can be seen in the following part that after constructing such two auxiliary systems, we can easily design two sub-observers as parts of the FTO where each auxiliary system is taken as the reference system.
In order to construct two sub-observers or a FTO, the condition of (Ā 22 ,Ā 12 ) being observable is needed. Thus, we give Lemma 3.
Lemma 3: Assumption 2 holds, if and only if (Ā 22 ,Ā 12 ) is observable, i.e., for any complex number s, we have
Proof: Based on Assumption 2, for any complex number s we have
This implies that (20) holds. The proof is completed. Remark 5: Lemma 3 demonstrates that we can chooseL 1 andL 2 such that any eigenvalue of theN 1 
Then, a reduced-order FTO of system (1) 
i, j = 1, 2, . . . holds. Then, the following system
or equivalently
is a fixed-time observer of statex 2 with the order n − p, i.e.,x 2 (t) ≡x 2 (t) for t ≥ t 0 +τ , wherez
T is the state of the observer,
, constantτ > 0 is an arbitrarily pre-defined time delay, t 0 is the initial time, andz(t), y(t) = 0 when −τ ≤ t < 0. Furthermore, we havex
withx(t) ≡ x(t) for t ≥ t 0 +τ . Proof: According to the state transformation, we have
From (24) and (25) we know that in order to showx(t) ≡ x(t) for t ≥ t 0 +τ , we only need to showx 2 (t) ≡x 2 (t) for t ≥ t 0 +τ . While, this process is very similar with that in Subsection 3.1, and here we omit it. The reduced-order FTO design method is concluded as Algorithm 2. Algorithm 2. Step 1. Based on the chosen of matrix T , compute matrices E,Ā,B and their block matrices. Step 2. According to (21) , compute gain matricesL 1 and L 2 .
Step 3. Compute matricesN ,M ,W andJ , and then construct reduced-order FTO (23).
IV. NUMERICAL SIMULATION
In this section, one numerical example is given to verify the effectiveness of the proposed methods.
Consider system (1) with the matrices as follows:
and the control input is u(t) = 2.8sin(5.2t) 4.9cos(6.7t) T .
In the following, state estimations will be given by using fullorder and reduced-order FTOs, respectively. Fig. 1 and the estimation errors in Fig. 2 , respectively, from which we can see that via the full-order FTO, the accurate estimation can be reached within the predefined time τ = 0.5s. 
B. STATE ESTIMATION VIA REDUCED-ORDER FTO
According to Algorithm 2, compute matrices Following the above computations, we do the simulation. Set the initial condition of system (1) as same as that of the previous subsection, and the reduced-order FTO's initial value isz(0) = 1 0.2 T . The estimation performances are illustrated in Figs. 3-4 , which indicates that the reduced-order FTO can also give accurate estimations within the pre-defined time τ = 0.5s.
V. CONCLUSION
In this paper, the full-order and reduced-order fixed-time observer designs for linear time-invariant singular systems are studied. Two new observer structures are developed, and it has been proven that under the sufficient conditions we give, both the full-order and the reduced-order FTOs can achieve accurate estimations in the fixed time we pre-set. In view of the superiority of the FTO, how to extend the present methods to T-S fuzzy systems will be our future consideration. 
